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Abstract It is shown that a completely entangled state belonging to a finite dimensional
Hilbert space is equivalent to a simultaneous eigenstate of two unitary operators. These
operators are exponentials of sum and difference of two Hermitian operators of a two-mode
system that are complementary with each other.
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1 Introduction

The completely entangled state |�(x,p)〉 of continuous variables, which is called the
EPR state [1], is a simultaneous eigenstates of position-difference operator x̂a − x̂b and
momentum-sum operator p̂a + p̂b of a two-mode system such that (x̂a − x̂b)|�(x,p)〉 =
x|�(x,p)〉 and (p̂a + p̂b)|�(x,p)〉 = p|�(x,p)〉, where x̂a (x̂b) and p̂a (p̂b) are position
and momentum operators of the system a (b). The continuous variable EPR state is explic-
itly written in the following form:

|�(x,p)〉 = 1√
2π

∫ ∞

−∞
dy |x + y〉 ⊗ |y〉eipy, (1)

where |x〉 is an eigenstate of the position operator. The set of the EPR states |�(x,p)〉
becomes a complete orthonormal basis of the two-mode system. Furthermore the set of pro-
jection operators �̂(x,p) = |�(x,p)〉〈�(x,p)| describes the simultaneous measurement
of position and momentum of the two-mode system. The EPR state |�(x,p)〉 plays an im-
portant role in the continuous variable quantum information processing such as the quantum
teleportation and the quantum dense coding [2].
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For a two-qubit system, the Bell states that are completely entangled become a complete
orthonormal basis in four dimensional Hilbert space, where the Bell states are given by

|�00〉 = |00〉 + |11〉√
2

, |�01〉 = |01〉 + |10〉√
2

, (2)

|�10〉 = |00〉 − |11〉√
2

, |�11〉 |01〉 − |10〉√
2

. (3)

When |0〉 and |1〉 are eigenstates of the Pauli matrix σ̂ z such that σ̂ z|0〉 = |0〉 and σ̂ z|1〉 =
−|1〉, the Bell states are simultaneous eigenstate of Hermitian/unitary operators σ̂ x ⊗ σ̂ x

and σ̂ z ⊗ σ̂ z such that (σ̂ x ⊗ σ̂ x)|�jk〉 = (−1)j |�jk〉 and (σ̂ z ⊗ σ̂ z)|�jk〉 = (−1)k|�jk〉.
This fact shows that the Bell measurement is equivalent to observing whether two 1/2-spins
are parallel or anti-parallel in x-direction and in z-direction. The Bell state also plays an
essential role in the discrete variable quantum information processing [3].

These examples imply that there exists some correspondence between a completely en-
tangled state and simultaneous eigenstate. In this paper, we investigate such correspondence
and we show that a completely entangled state belonging to a finite dimensional Hilbert
space is equivalent to a simultaneous eigenstates of two unitary operators. Furthermore we
find a quantum measurement that is described by separable positive operator-valued mea-
sure, but that cannot not be performed by a local operation with classical communication.
Although entanglement of quantum states has bee studied extensively [4], this paper will
provide a new insight into entanglement.

2 Complementary Observables in a Finite Dimensional Space

We first introduce complementary operators defined on a finite dimensional Hilbert space.
For this purpose, we suppose that {|a0〉, |a1〉, . . . , |aN−1〉} is a complete orthonormal system
of an N dimensional Hilbert space HN . Then, performing a discrete Fourier transformation,
we obtain another complete orthonormal system {|b0〉, |b1〉, . . . , |bN−1〉}, where |aj 〉 and |bk〉
are connected by the relation,

|bj 〉 = 1√
N

N−1∑
k=0

ωjk|ak〉, (4)

|aj 〉 = 1√
N

N−1∑
k=0

ω∗ jk|bk〉. (5)

In this equation, ω = e2πi/N is the primitive N th root of unity. It is easy to verify the relation,

1

N

N−1∑
m=0

ω(j−k)m = δj,k modN, (6)

where δj,k modN = 1 for j = k (modN) and otherwise zero.
Using the sets {|a0〉, |a1〉, . . . , |aN−1〉} and {|b0〉, |b1〉, . . . , |bN−1〉}, we introduce two Her-

mitian operators Â and B̂ by Â = ∑N−1
k=0 k|ak〉〈ak| and B̂ = ∑N−1

k=0 k|bk〉〈bk| which are com-
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plementary with each other. These operators satisfy the commutation relation [5, 6],

[Â, B̂] =
N−1∑
j=0

N−1∑
k=0

(j �=k)

(j − k)|aj 〉〈ak|
ωj−k − 1

=
N−1∑
j=0

N−1∑
k=0

(j �=k)

(j − k)|bk〉〈bj |
ωj−k − 1

. (7)

Furthermore we define unitary exponential operators e(2πi/N)jÂ and e(2πi/N)jB̂ . These oper-
ators satisfy the relations,

e±(2πi/N)jÂ|ak〉 = ω±jk|ak〉, (8)

e±(2πi/N)jÂ|bk〉 = |bk±j modN 〉, (9)

e±(2πi/N)jB̂ |bk〉 = ω±jk|bk〉, (10)

e±(2πi/N)jB̂ |ak〉 = |bk∓j modN 〉. (11)

In particular, we can obtain the expressions,

e−(2πi/N)Â =
N−1∑
k=0

|bk−1 modN 〉〈bk|, (12)

e(2πi/N)B̂ =
N−1∑
k=0

|ak−1 modN 〉〈ak|. (13)

The unitary operators e(2πi/N)jÂ and e(2πi/N)jB̂ satisfy the Weyl commutation relation [5, 6],

e(2πi/N)jB̂e(2πi/N)kÂ = ωjke(2πi/N)kÂe(2πi/N)jB̂ . (14)

The Hermitian operators Â and B̂ include the Pegg-Barnett phase operator and its canoni-
cally conjugate operator defined on the finite dimensional Hilbert space [7, 8].

3 Completely Entangled State and Simultaneous Eigenstate

We next introduce a completely entangled state |�〉 which is an element of an N × N

dimensional Hilbert space HN ⊗ HN ,

|�〉 = 1√
N

N−1∑
k=0

|ak〉 ⊗ |ak〉. (15)

Furthermore we define a unitary operator D̂jk in terms of the Hermitian operators Â and B̂ ,

D̂jk = e−(2πi/N)jB̂e(2πi/N)kÂ, (16)
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which satisfies the relations [9],

1

N
Tr(D̂jkD̂lm) = δj,l modNδk,mmodN, (17)

1

N

N−1∑
j=0

N−1∑
k=0

D̂jkX̂D̂
†
jk = (TrX̂)1̂, (18)

for any operator X̂ defined on the Hilbert space HN . The unitary operator D̂jk is equivalent
to the generalized Pauli matrix [10, 11]. Using the unitary operator D̂jk , we can construct a
complete orthonormal basis {|�jk〉 | j, k = 0,1, . . . ,N − 1} of completely entangled states
in the N × N dimensional Hilbert space HN ⊗ HN , where |�jk〉 is defined by

|�jk〉 = (D̂jk ⊗ 1̂)|�〉

= 1√
N

N−1∑
m=0

|am+j modN 〉 ⊗ |am〉e(2πi/N)km, (19)

where the orthogonality relation 〈�jk|�lm〉 = δj,lδk,m and the completeness relation∑N−1
j=0

∑N−1
k=0 |�jk〉〈�jk| = 1̂⊗ 1̂ are satisfied. We can also express the completely entangled

state |�jk〉 in terms of |bk〉’s as

|�jk〉 = 1√
N

N−1∑
m=0

|bm〉 ⊗ |bk−mmodN 〉e−(2πi/N)jm. (20)

Using the Hermitian operators Â and B̂ , we introduce four Hermitian operators Âk and
B̂k (k = 1,2) defined on the Hilbert space HN ⊗ HN by the relations,

Â1 = Â ⊗ 1̂, Â2 = 1̂ ⊗ Â, B̂1 = B̂ ⊗ 1̂, B̂2 = 1̂ ⊗ B̂, (21)

in terms of which we define unitary exponential operators of difference-operator Â1 − Â2

and sum-operator B̂1 + B̂2 by e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) for any integers m and n.
These unitary operators commute with each other,

[e(2πi/N)m(Â1−Â2), e(2πi/N)n(B̂1+B̂2)] = 0. (22)

The completely entangled state |�jk〉 given by (19) is a simultaneous eigenstate of

e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) such that

e(2πi/N)m(Â1−Â2)|�jk〉 = ωjm|�jk〉, (23)

e(2πi/N)n(B̂1+B̂2)|�jk〉 = ωkn|�jk〉. (24)

The projection operators ŴA
j and ŴB

k into the eigenspaces of e(2πi/N)m(Â1−Â2) and

e(2πi/N)n(B̂1+B̂2) are given by

ŴA
j =

N−1∑
k=0

|�jk〉〈�jk|
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=
N−1∑
m=0

|aj+mmodN 〉〈aj+mmodN | ⊗ |am〉〈am|, (25)

ŴB
k =

N−1∑
j=0

|�jk〉〈�jk|

=
N−1∑
n=0

|bn〉〈bn| ⊗ |bk−nmodN 〉〈bk−nmodN |. (26)

Since these projectors commute with each other, [ŴA
j , ŴB

k ] = 0, and are normalized

as
∑N−1

j=0 ŴA
j = ∑N−1

k=0 ŴB
k = 1̂ ⊗ 1̂, the sets {ŴA

j | j = 0,1, . . . ,N − 1} and {ŴB
k |k =

0,1, . . . ,N − 1} describe simultaneous measurement of some commutable observables. Al-
though the projection operators ŴA

j and ŴB
k are separable forms, the measurement cannot

be performed by means of local operation and classical communication (LOCC) since these
projectors satisfy the relation ŴA

j ŴB
k = ŴB

k ŴA
j = |�jk〉〈�jk|. If the measurement were

possible by LOCC, the completely entangled state |�jk〉 could have been created from any
quantum state defined on the Hilbert space HN ⊗ HN by LOCC.

Using an appropriate basis, e.g. {|a0〉, |a1〉, . . . , |aN−1〉}, we can express any com-
pletely entangled state |�〉 belonging to the Hilbert space HN ⊗ HN in the form of
|�〉 = (1/

√
N)

∑N−1
k=0 |ak〉 ⊗ |ak〉. In this case, we introduce two Hermitian operators by

Â = ∑N−1
k k|ak〉〈ak| and B̂ = ∑N−1

k=0 k|bk〉〈bk| with |bk〉 being the discrete Fourier trans-
form of |ak〉, and we construct four Hermitian operators Âk and B̂k (k = 1,2) by (21). Then
we can see that the completely entangled state |�〉 is the simultaneous eigenstate of the
two unitary operators e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) with eigenvalue of unity, that is,
e(2πi/N)m(Â1−Â2)|�〉 = |�〉 and e(2πi/N)n(B̂1+B̂2)|�〉 = |�〉. This result shows that any com-
pletely entangled state is a simultaneous eigenstate of the two unitary operators. Further-
more, the set {|�jk〉 = (D̂jk ⊗ 1̂)|�〉 | j, k = 0,1, . . . ,N − 1} with the unitary operator D̂jk

given by (16) becomes a complete orthonormal basis of the N × N dimensional Hilbert
space HN ⊗ HN . It is easy to see that the completely entangled state |�jk〉 is a simulta-

neous eigenstate of e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) such that e(2πi/N)m(Â1−Â2)|�jk〉 =
ωjm|�jk〉 and e(2πi/N)n(B̂1+B̂2)|�jk〉 = ωkn|�jk〉 with ω = e2πi/N .

We next show that the simultaneous eigenstate of the commutable unitary opera-
tors e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) is a completely entangled. It is obvious that
(e(2πi/N)m(Â1−Â2))N = 1̂ ⊗ 1̂ and (e(2πi/N)n(B̂1+B̂2))N = 1̂ ⊗ 1̂. Hence the eigenvalues of these
operators are N th roots of unity. We denote as |�〉 the simultaneous eigenstate with eigen-
value of unity, such that e(2πi/N)m(Â1−Â2)|�〉 = |�〉 and e(2πi/N)n(B̂1+B̂2)|�〉 = |�〉. Using
the complete orthonormal basis {|a0〉, |a1〉, . . . , |aN−1〉} of the N dimensional Hilbert space
HN , we can express this eigenstate as |�〉 = ∑N−1

j=0

∑N−1
k=0 Cjk|aj 〉 ⊗ |ak〉. We can see that

the eigenvalue equation e(2πi/N)m(Â1−Â2)|�〉 = |�〉 yields the relation Cjkω
(j−k)m = Cjk for

any integer m. Hence we find that Cjk = Cjδj,k and thus we obtain |�〉 = ∑N−1
k=0 Ck|ak〉 ⊗

|ak〉. Furthermore the eigenvalue equation e(2πi/N)n(B̂1+B̂2)|�〉 = |�〉 provides the equality
Cj+mmodN = Cj for any integer m, which yields the equality C0 = C1 = · · · = CN−1. There-
fore, ignoring an unimportant phase factor and imposing the normalization condition, we
can obtain the simultaneous eigenstate in the form of |�〉 = (1/

√
N)

∑N−1
k=0 |ak〉 ⊗ |ak〉

which is a completely entangled state. The other eigenstates are derived by applying the
unitary operator D̂jk ⊗ 1̂ to |�〉. It is easy to check that e(2πi/N)m(Â1−Â2)|�jk〉 = ωjm|�jk〉
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and e(2πi/N)n(B̂1+B̂2)|�jk〉 = ωkn|�jk〉 with |�jk〉 = (D̂jk ⊗ 1̂)|�〉. The set {|�jk〉 | j, k =
0,1, . . . ,N − 1} is a complete orthonormal basis of the Hilbert space HN ⊗ HN . There-
fore we have found that a completely entangled state of the Hilbert space HN ⊗ HN is the
simultaneous eigenstate of the unitary operators e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) and
conversely the simultaneous eigenstate of these operators is a completely entangled state.

Finally we consider a two-dimensional Hilbert case as a simple but important case. We
set {|a0〉, |a1〉} = {|+〉, |−〉}, where |±〉 is the eigenstate of the Pauli matrix σ̂ x such that
σ̂ x |±〉 = ±|±〉. Then the discrete Fourier transformation yields {|b0〉, |b1〉} = {|0〉, |1〉} with
σ̂ z|0〉 = |0〉 and σ̂ z|1〉 = −|1〉. In this case, we obtain the Hermitian operators Â = |−〉〈−|
and B̂ = |1〉〈1|. We also have the exponential unitary operators eπi(Â1−Â2) = σ̂ x ⊗ σ̂ x and
eπi(B̂1+B̂2) = σ̂ z ⊗ σ̂ z. Then the completely entangled states |�jk〉’s are the Bell states given
by (2) and (3).

4 Concluding Remarks

In this paper, we have shown that a completely entangled state belonging to an N × N

dimensional Hilbert space HN ⊗ HN is a simultaneous eigenstate of two unitary operators
e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) with integers m and n, where the Hermitian operators
Â and B̂ are complementary with each other. Conversely the simultaneous eigenstates of
e(2πi/N)m(Â1−Â2) and e(2πi/N)n(B̂1+B̂2) become completely entangled states.
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