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Abstract It is shown that a completely entangled state belonging to a finite dimensional
Hilbert space is equivalent to a simultaneous eigenstate of two unitary operators. These
operators are exponentials of sum and difference of two Hermitian operators of a two-mode
system that are complementary with each other.
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1 Introduction

The completely entangled state |W(x, p)) of continuous variables, which is called the
EPR state [1], is a simultaneous eigenstates of position-difference operator X, — X, and
momentum-sum operator p, + p, of a two-mode system such that (X, — x,) |V (x, p)) =
x|W(x, p)) and (pa + pp) W (x, p)) = p|¥(x, p)), where X, (X») and p, (py) are position
and momentum operators of the system a (b). The continuous variable EPR state is explic-
itly written in the following form:

[W(x, p)) = dylx+y) ® |y)e™, (1)

=l
where |x) is an eigenstate of the position operator. The set of the EPR states |V (x, p))
becomes a complete orthonormal basis of the two-mode system. Furthermore the set of pro-
jection operators ﬁ(x, p) = |¥(x, p))(¥(x, p)| describes the simultaneous measurement
of position and momentum of the two-mode system. The EPR state | (x, p)) plays an im-
portant role in the continuous variable quantum information processing such as the quantum
teleportation and the quantum dense coding [2].
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For a two-qubit system, the Bell states that are completely entangled become a complete
orthonormal basis in four dimensional Hilbert space, where the Bell states are given by

[00) + |11) |01) + |10)
Yoo) = ———, W, _— 2
[Woo) 7 |[Wor) = 7 2)
00y — |11 01) — |10
Wy = 201D -y 0D~ 110 3)

V2o V2

When |0) and |1) are eigenstates of the Pauli matrix 6 such that 6%|0) = |0) and 6%|1) =
—|1), the Bell states are simultaneous eigenstate of Hermitian/unitary operators 6* ® 6~
and 6° ® 67 such that (6% ® 6*)|Wj) = (—1)/| W) and (6% @ 6%)[Wjx) = (—DF|W).
This fact shows that the Bell measurement is equivalent to observing whether two 1/2-spins
are parallel or anti-parallel in x-direction and in z-direction. The Bell state also plays an
essential role in the discrete variable quantum information processing [3].

These examples imply that there exists some correspondence between a completely en-
tangled state and simultaneous eigenstate. In this paper, we investigate such correspondence
and we show that a completely entangled state belonging to a finite dimensional Hilbert
space is equivalent to a simultaneous eigenstates of two unitary operators. Furthermore we
find a quantum measurement that is described by separable positive operator-valued mea-
sure, but that cannot not be performed by a local operation with classical communication.
Although entanglement of quantum states has bee studied extensively [4], this paper will
provide a new insight into entanglement.

2 Complementary Observables in a Finite Dimensional Space

We first introduce complementary operators defined on a finite dimensional Hilbert space.
For this purpose, we suppose that {|ag), |a;), ..., |ay—1)} is a complete orthonormal system
of an N dimensional Hilbert space Hy. Then, performing a discrete Fourier transformation,
we obtain another complete orthonormal system {|bo), |b1), ..., |by—1)}, where |a;) and |by)
are connected by the relation,

N—

Z “lag), “

=0
laj) = Zw*”‘wk )

27i/N

In this equation, w = e is the primitive Nth root of unity. It is easy to verify the relation,

| Nl
N Z @M =8t mod v (6)

where 8; tmoany = 1 for j =k (mod N) and otherwise zero.
Using the sets {|a0) |a1) ,lan— )} and {|by), |b1), ..., |by_1)}, we introduce two Her-
mitian operators A and B by A Zk o ! k|ag) (ax] and B Z,iv 01 k|by){by| which are com-
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plementary with each other. These operators satisfy the commutation relation [5, 6],

(A §] = NZNZ j- k>|aj><ak|
—1
=0 k=0
(j#k)
N—1N-1
=0 k=0
(j#k)
Furthermore we define unitary exponential operators e™/MJA and @7i/MJi These oper-
ators satisfy the relations,
NI ) = 0 ay), ®)
eFETNIA DY = | jmod v ) )
eF NI by = ¥ by), (10)
eI ay) = [ba jmoan)- (1
In particular, we can obtain the expressions,
e TN =N bt tmoa ) (il (12)
e@rI/MB = Z |1 moa ) (ax - (13)
The unitary operators e™/NMi4 and ¢@7i/MiB satisfy the Weyl commutation relation [5, 6],
o @Ti/N)JB LRI INKA _  jk @i [NIKA @i/ N)JB_ (14)

The Hermitian operators A and B include the Pegg-Barnett phase operator and its canoni-
cally conjugate operator defined on the finite dimensional Hilbert space [7, 8].

3 Completely Entangled State and Simultaneous Eigenstate

We next introduce a completely entangled state |W) which is an element of an N x N
dimensional Hilbert space Hy ® Hy,

1 N—1
=— ) la) ®lax). (15)
N

Furthermore we define a unitary operator b_,«k in terms of the Hermitian operators A and B,

D = o~ Qmi/N)jB ,2mi/N)KA 6
jk s
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which satisfies the relations [9],

1

NTr(ﬁjkblm) = 8;,/mod NSk, mmod N » )
RELE

ZZ DyXD}, = (TrX)i, (18)
j 0 k=0

for any operator X defined on the Hilbert space Hy. The unitary operator D jk 1s equivalent
to the generalized Pauli matrix [10, 11]. Using the unitary operator D ik, WE can construct a
complete orthonormal basis {|W;¢) | j,k=0,1,..., N — 1} of completely entangled states
in the N x N dimensional Hilbert space Hy ® Hy, where |W ;) is defined by

W) = (Dj ® D)

1 .
= ﬁ ;’ |t jmod n) @ |a)e®™ Nk (19)
Where the orthogonality relation (W;;|W;,) = &;,0k,» and the completeness relation

Z Z k0 "W i (Wil = 1®1 are satisfied. We can also express the completely entangled
state |\IJ_,k) in terms of |by)’s as

N—-1

> " 1bw) ® [br—mmoan)e” NI, (20)

W) = ——
a Wm:O

Using the Hermitian operators A and B, we introduce four Hermitian operators Ay and
By (k =1, 2) defined on the Hilbert space Hy ® Hy by the relations,
A=del, A=19A  B=Bel. B=i®8 @

in terms of which we define unitary exponential operators of difference-operator A — A,
and sum-operator B 4 B, by e@7/Nm(41=42) and ¢@ri/NnB1+52) for any integers m and n.
These unitary operators commute with each other,

[e(Zm'/N)m(Al—Az), e(2ni/N)n(l§1+l§2)] —0. (22)

The completely entangled state |W;.) given by (19) is a simultaneous eigenstate of
e @i/Nm(Ai—Ay) g q @7i/NIn(Bi1+B)) guch that

e(2ni/N)'ﬂ(Al_A2)|lIij) = w-f’"|\1/jk), (23)
e(2”i/N)”(Bl+32)|\Iij) — wknm,jk). 24)

@ri/N)m(A; —Ay)

The projection operators WJA and W,f into the eigenspaces of e and

e@ri/NnB1+5) yre given by

N-1
= W) (Wl
k=0
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= |aj+mmodN>(aj+mmodN| ® lam)(aml, (25)

Wi (Wi

>
™
I
~.
N
(=)

b} (bnl @ 1bk—nmod N ) (br—nmoan |- (26)

3
Il
=}

Since these projectors commute with each other, [WA WkB] = O, and are normalized

as ZN—ol WA iv_ol Wk =1® 1, the sets {WA |j=0,1,. — 1} and {WkB Ik =
0,1,. — 1} describe simultaneous measurement of some commutable observables. Al-

though the projection operators W;‘ and Wk are separable forms, the measurement cannot
be performed by means of local operation and classical communication (LOCC) since these
projectors satisfy the relation WJA WE =Wwp WJA = |W;) (W i|. If the measurement were
possible by LOCC, the completely entangled state |¥ ;) could have been created from any
quantum state defined on the Hilbert space Hy ® Hy by LOCC.

Using an appropriate basis, e.g. {|ao),|a1),...,|any—1)}, we can express any com-
pletely entangled state |¥) belonging to the Hilbert space Hy ® Hy in the form of
|\IJ =(1 /\/_ ) Z,\ _o lax) ® lax). In this case, we introduce two Hermitian operators by
A= Zk "klay)(ay| and B = le(v 01 k|by) (by| with Ibk) being the discrete Fourier trans-
form of |a;), and we construct four Hermitian operators Ak and Bk (k=1,2) by (21). Then
we can see that the completely entangled state |W) is the simultaneous eigenstate of the
two unitary operators e®*/MmA1=42) ang o@i/NnBi1+52) \ith eigenvalue of unity, that is,

e@ri/Nm(A1=42)| ) = [W) and ¢@7i/MnB1+5)|yy = |W). This result shows that any com-
pletely entangled state 1s a s1mu1taneous eigenstate of the two unitary operators. Further-
more, the set {|¥ ;) = (Djk ® 1)|\Il) |j,k=0,1, — 1} with the unitary operator Djk
given by (16) becomes a complete orthonormal ba51s of the N x N dimensional Hilbert
space Hy ® Hy. It is easy to see that the completely entangled state |W;;) is a simulta-
neous eigenstate of e@7i/MmA1=42) anq @ri/NnBi+52) gych that e(z”"/N)’”<fi1*A2)|\Iij) =
@™ ;) and e@i/NnBIEE) [y ) = k1| W ) with @ = €27/,

We next show that the simultaneous eigenstate of the commutable unitary opera-
tors e@mi/MmA1=A2) anq (Cri/NmBi+5y) g o completely entangled. It is obvious that
(e@ri/Nm(Ai=A) )N _ ] @1 and (e@7/MnB1+8))N — 1 @ 1. Hence the eigenvalues of these
operators are Nth roots of unity. We denote as |W) the simultaneous eigenstate with eigen-
value of unity, such that e(zni/N)’”(Al’AZ)NJ) = |W) and e@mi/NnBi+B)|\y) = |W). Using
the complete orthonormal basis {|ao), |a1), . |aN 1)} of the N dimensional Hilbert space
Hy, we can express this eigenstate as |W) = Z _o Cjklaj) ® |ax). We can see that

the eigenvalue equation e@7i/MmA1-42) |y = [\p) yields the relation Cj 0t~ = C for
any integer m. Hence we find that C;; = C;§; x and thus we obtain |V) = ,[(V:])I Cilay) ®
|ax). Furthermore the eigenvalue equation e®*/MnB1+5) \y) = ) provides the equality
Cjtmmodn = C; for any integer m, which yields the equality Cy = C| =--- = Cy_;. There-
fore, ignoring an unimportant phase factor and imposing the normalization condition we
can obtain the simultaneous eigenstate in the form of |W) = (1 /«/— ) Zk _o lax) ® lax)
which is a completely entangled state. The other eigenstates are derived by applying the
unitary operator Dj; ® 1 to [W). It is easy to check that e(z”"/N)’”<A1*A2>|\Iij> = /™| j;)
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and e@mi/NnBirtB) |y ) = @kt | W) with [W,) = (Dj, @ 1)|W). The set {[W;i) | j, k =
0,1,..., N — 1} is a complete orthonormal basis of the Hilbert space Hy ® Hy. There-
fore we have found that a completely entangled state of the Hilbert space Hy & Hy is the
simultaneous eigenstate of the unitary operators e®™/Mm(A1=42) ang o@ri/Nin(Bi+B2) apd
conversely the simultaneous eigenstate of these operators is a completely entangled state.

Finally we consider a two-dimensional Hilbert case as a simple but important case. We
set {lao), lai)} = {|+), |—)}, where |%) is the eigenstate of the Pauli matrix 6* such that
0%|+£) = =£|+). Then the discrete Fourier transformation yields {|by), |b1)} = {|0), |1)} with
0%]0) = |0) and 6%|1) = —|1). In this case, we obtain the Hermitian operators A= [=Y{(—]
and B = |1)(1]. We also have the exponential unitary operators ¢™(41-42) = 6% ® 6~ and
emi(B1+52) — 67 ® 5. Then the completely entangled states |W;)’s are the Bell states given
by (2) and (3).

4 Concluding Remarks

In this paper, we have shown that a completely entangled state belonging to an N x N
dimensional Hilbert space Hy ® Hy is a simultaneous eigenstate of two unitary operators
e@mi/Nm(A1=A2) gnd o@i/Nn(Bi+B2) with integers m and n, where the Hermitian operators
A and B are complementary with each other. Conversely the simultaneous eigenstates of

e@ri/Nm(A1=42) apd @ri/NnB1+52) pecome completely entangled states.
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